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ABSTRACT 
The development of laser technology has progressed over the past 
several years to a level of sophistication high enough that linear arrays of 
individual laser elements can be fabricated on a single wafer [1,2,3,4]. Laser 
arrays are becoming popular because many applications (like laser printers, 
optical recorders, solid-state laser pumps and space communication) require 
l'arge amounts of coherent optical power that cannot be obtained from single 
contemporary lasers. The use of semiconductor lasers in- array format offers 
extremely high power levels [5]. 
A novel method of obtaining a highly uniform intensity distribution, by 
introducing dissimilar waveguides in the array, is presented here. The high 
uniformity is desirable forimproved modal stability at high-power levels 
because of the effect of spatial-hole burning is strongly reduced [6]. A coupled-
m·ode analysis of linear one and two-dimensional (1-D and 2-D) laser arrays 
having dissimilar waveguides, is worked out, and their effect on the near and far 
fields is shown .. 4 cases are worked out : 1-D array with 1 dissimilar element or 
waveguide/ element, 1-D array with 2 dissimilar waveguides, 2-D array with ·1 
line of dissimilar elements and 2-D array with 2 vertical and 2 horizontal lines 
each having 2 dissimilar elements. Finally, a fault-tolerance analysis of 
defective or dissimilar waveguides in laser arrays is presented. 
1 
1. INTRODUCTION 
1 . 1 The Laser 
Laser is an acronym for "light amplification by stimulated emission of 
radiation". It distinguishes itself from a light emitting diode (LED) in several 
respects. While light emission from a LED is .from spontaneous emission of 
radiation, that from a laser is by stimulated emission. Spontaneous emission is 
a random process,. resulting ·in incoherent emissions, thus yielding a wide 
spectrum. Stimulated emission gives a highly coherent emission and, therefore, 
has a narrower spectral width. Another diff~rence 1s that light from LEDs is not 
amplified, whereas, that from a laser is amplified. Thus, laser emission provides 
a much stronger light intensity than that from a LED. 
To achieve light amplification in lasers, light emitted at the Junctions is 
made to pass many times within a cavity, where, for each passage, additional 
intensity is gained through added energy. 
1. 2 Historical Perspective 
Although the use of semiconductors in lasers had been suggested 
earlier, the first achievement of laser action in p-n junction diodes was. reported 
in 1962 by three groups, Hall et al. [7] at GE, Nathan et al. [8] at IBM and Quist et 
al. [9] at Lincorn Labs. These GaAs laser diodes operated at a temperature of 77 
K, at wavelengths near 0.85µm. All of these early devices were homojunction 
lasers, which relied on c;::arrier injection at junctions diffused into bulk single 
crystals. At room temperature, they had threshold current densities of the order 
of 105 Ncm2 or more; thus the required current was far too high to permit 
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continuous (cw) lasing. 
A step of crucial importance to the room temperature cw semiconductor 
laser was the lattice-matched growth by liquid phase epitaxy of AlxGa1~xAs on 
GaAs (Woodall et al., 1967) [1 O]. This work stimulated several groups to 
immediately the new technology of heteroepitaxy. In the c~se of GaAs/AIGaAs, 
the narrow band-gap GaAs region also has a larger refractive index, thus 
forming an optical waveguiding structu·re. The first lasers were GaAs/AIGaAs 
single, rather than double, heterostructures; their room temperature threshold 
current densities were reduced an order of magnitude below those obtained in 
homojunction devices (Hayashi et al., 1969) [11 ]. Lasers based on 
AIGaAs/GaAs/AIGaAs double heterostructures (DH) came shortly thereafter; 
and the reduced thre.shold current densities permitted the first cw room 
temperature operation of an injection laser (Hayashi et al., '1970) [12]. 
The second decade of the semiconductor laser, the 1970s, saw major 
improvements in GaAs/AIGaAs DH laser performance and reliability. This 
period saw the introduction of a wide variety of lateral index-guiding structur~s, 
and the achievement of well-controlled lateral laser modes~ 
A major milestone in the development of semiconductor lasers for 
telecommunications applications was the demonstration of cw· room 
temperature devices operating at wavelengths beyond 1 µm, where silica fibers 
have reduced losses. The first of these DH lasers was made from the 
GaAs1_xSbx/AlyGa1-y As1_xSbx mixed-crystal alloy system and grown on a 
GaAs structure .(Nahory et aL, 1 S76) [13]. 
A significant achievement of the 1980s has been the realization of high 
performance single frequency lasers. T,he distributed ·feedback (DFB) laser 
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concept, origi.nally demonstrated in dyes· by Kaminow et al., (1971) [14] was 
applied soon after to inject.ion lasers. The first room temperature semiconductor 
lasers.·with distributed Bragg reflectors (DBR) (Reinhart et al., 1975) [15] or 
distributed feedback (Casey et al., 1975) [16] were demonstrated in 
GaAs/AIGaAs devices, and these concepts have been extended to GalnAsP/lnP 
lasers at ·1.3µm and 1.55µm by many workers. The focus of recent research has 
been on single frequency lasers with narrow linewidths under contin~ous 
operation, and low levels of frequency chirp under~intensity modulation. Other 
goals have been the attainmen·t of ever-higher output powers and modulatiqn 
frequencies, and the achievement .of ·wavelength tunability. 
In the early days of laser application, liquid-phase epitaxy (LPE) and 
vapor-phase epitaxy (VPE) techniques were commonly used to make these 
devices. The deposition was slow, and only small pieces could be done at one 
time. Then came molecular-beam epitaxy (MBE) and metalloorganic.chemical 
vapor deposition (MOCVD). These techniques are well-established in industry. 
A recent addition to the epitaxy technique is the chemical.,beam epitaxy (CBE). 
This proc.ess combines the beam nature of MBE and the controlled use of an all 
yapor source as in MOCVD. It may prove more advantageous than the other 
techniques. Table I [17] lists the possible quaternary semiconductor materials 
for lasers. 
1.3 Laser Structures 
The aim of modern laser designers is to (1) reduce threshold current by 
electrical confinement schemes .and potential barrier plac·ement to increase the 
population inversion, (2) purify the laser spectrum· by optical confinement 
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schemes, (3) stabilize the lasering mode and (.4) reduce laser noise. 
Most semiconductor laser diodes can be separated into 2 distinct 
classes: gain-guided ano index-guided. Gain-guided lasers establish lateral 
mode confinement, by controlling the current flow through device geometry, and 
typically operate with multiple longitud.inal modes. Index-guided lasers have 
lateral waveguide confinement as a result of the lateral channel$ having 
relatively· lower- refractive index, and they operate· with one or a few longitudinal 
modes. 
The early devices fabricated were of the gai.n-g_uided type, and some of 
them are [18] :-
(1) Homojunction lasers - This device is made from a single semiconductor 
material, as shown in Figure 1. A p-n junction is fabricated, and met~I contacts 
applied to supply the injected carriers in orc;:ier to achieve a population 
inversion. The endfaces are cleaved along natural planes such that they are 
extremely smooth, flat and parallel. These serve as the reflective surfaces 
needed for optical feedback, which is. required for sufficient gain to be achieved. 
The lateral modes are suppressed by roughening the side faces, thereby 
making this a gain-guided device. Since there is no mechanism to confine the 
transverse modes, the energy density associated with· these modes extends 
beyond the population inversion region. This energy is not available to support 
stimulated emission, and is wasted. As a consequence, the ga·in al the laser 
suffers, which means a significant increase in current density before l~sing 
current ·is reached. Therefore this a low efficiency, low power device. These 
devices have a low tolerance to elevated temperatures and are best operated in 
the pulsed mode. 
(2) Single heter.ojunction (SH) laser - This laser is the easiest hetero-
5 
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junction laser to fabricate. A Zn-diffused p-n junction is formed in the n-type 
material; which makes up the ·active layer (Figure 2). The band gap of the p-type 
material is greater than that of the n-type, while the band gap at the p-n junction 
interface is equal to that of the n-type, thus the name single heterojunction. This 
laser must be operated in the pulse mode at room· temperature due to its high 
current density·. Continuous wave operation is not possible due to detrimental 
effects of heating. The lateral field confinement is achieved,_ as in the 
homojunction laser, by roughening the side walls, therefore this is again a gain-
guided device. 
(3) Double heterojunction stripe geometry laser - This gain-guided device 
achieves lateral active layer excitation confinement th.rough the use of $tripe 
geometry. Its construction is as shown in Figure 3. The ability to decrease the 
lateral distribution of the population inversion area results in a decreased 
threshold current .density. The wider the stripe, the greater will be the output 
power, however, single mode operation will be less stable and the drive current 
will be higher. Conversely, the _narrower the stripe width, the more stable single 
mode operation will be and the lower drive current will .be, but, optical output 
power will suffer. 
Unlike the homo junction and SH lasers, this laser can be operated· in 
both continuous and pulsed modes, at gigabit per second data rates. 
T·he undesirable characteristics ·of gain-guided lasers are high threshold 
current, low differential quantum efficiency and the occurrences of kinks or non-
linear light versus. current (L-1) characteristics at higher currents. These effects 
are caused mostly by carrier-induced index reduction, whic_h leads to move-ment 
of the optical modes along the jur:,ction pl_ane. As drain current is ·increased, 
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Refraction 
carrier :density at the ce.nter of the laser stripe. increases more slowly than the 
density near the edge, because of the higher optical field, and consequently, 
higher carrie.r recombination. The resulting gain distribution then favors the next 
higher mode and the laser power typically dips on the ·rnode change [19]. 
The more recent lasers manufactured are of the ·index-guiding type. 
These greatly reduce the problems of kinks, astigmatism, unstabl·e far field and 
self-pulsation,. by introducing some real refractive index variation into the lateral 
structure of the laser. Some o.f the index-guiding structures are:-
(1) Buried heterojunction (BH) laser [18] - This laser is also known as a 
buried mesa device. Figure 4 shows a typical BH laser construction_ .. This device 
is fabricated by etching a slab of planar double. heterojunction material s·uch 
that a mesa is formed through the entire longitudinal dimension of the laser. 
This constituted the stripe through which injected carriers will trow. T.he 
longitudi·nal sides of this strip.e are the passivated and then buried by growing 
m~terial in the regions ·that were removed during the etching process. These 
inte-rfaces form vertical heterojunctions, which effectively block the lateral 
diffusion current. The BH laser construction is capable of providing one of the 
lowest threshold currents (- 1 O mA). Considering_ that this device has double 
heterojunctions providing strong confinement to both lateral and transverse 
modes, the development of more than one lasing mode is very unlikely. 
(2) Distributed-Feedback (DFB) Laser [20] - This is a single frequency laser, 
in- which the frequency·-selective feedback (necessary ·tor lasing action) is not 
localized at the cavity facets, but is distributed throughout the cavity leng_t_h. This 
is achieved through the use of a grating etched along the cavity length; Mode 
selectivity of the DFB mechanism results from Bragg's Law, which states that 
coherent coupling between forward and backward traveling waves occur for 
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wavelengths such that the grating period A=mAm/2, where Am is the wavelength 
of the light inside the laser medium and the integer m is the order of the Bragg 
diffraction induced by the grating. By choosing A appropriately,. such a device 
can be made to provide distributed feedback only at selective wavelengths 
within the gain spectrum of the active layer. 
From the viewpoint of device operation, semiconductor lasers employing 
the DFB mechanism can be classified into two broad categories, shown 
$Chematically in Figure 5, and referred to as DFB lasers and distributed Bragg 
reflector (DBR) lasers. In DBR lasers the grating is etched near the cavity ends 
and distributed feedback does not take place in the central active region. The 
unpumped corrugated end-regions act as an effective mirror whose reflectivity 
is of DFB origin and is therefore dependent on wavelength. 
Any· of the structures described above can be employed to make a DFB 
semiconductor laser after etching a grating into one of the layers. Since only the 
evanescent field associated with the fundamental mode interacts with the 
~tating, it is clear that the exact location of the grating with respect to the active 
layer and the cor"rugation depth are critical. in determining the effectiveness of 
the grating. The grating period A=m)J2n, where n is the effective-mode index 
and Aln is the wavelength inside the medium. 
(3) Quantum-well lasers [20] - A double heterostructure laser consists of an 
active layer sandwiched between two higher-gap cladding layers. The active-
layer thickness is typically in the range 0.1-0.3µm. In the last few years double 
heterostructure lasers with an active-layer thickness of about 10nm have- been 
fabricated. The carrier (hole or electron) motion normal to the active layer in 
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these structures is restricted. As a result, the kinetic energy of the carriers 
moving in that direction are quantized into discrete energy levels similar to the 
quantum~mechanical problem of the 1-dimensional potential well, a"r)d hence, 
these lasers are called ''quantum-well lasers". 
Quantum-well lasers with both single and multiple active layers have 
been fabricated. Quantum-well lasers with one active layer are called single-
quantum-well (SOW) lasers, while those with multiple active layers are called 
multiquantum-well (MOW) lasers. The layers separating the active layers in a 
MOW structure are called barrier layers. 
Figure 6 shows a typical AIGaAs quantum-well laser. The epitaxial layers 
are grown using molecular-beam epitaxy, or organometallicvapor.;.phase 
epitaxy growth techniques. Quantum-well lasers have the advantages of lower 
threshold current, lower temperature dependency of threshold current, higher 
differe·ntial quantum efficiency and lower chirp, over the conventional ·DH 
structures. 
1.4 Surface-emitting lasers 
An ideal semiconductor laser would be very efficient,. be capable of high 
output power in a narrow single-lobe far field and have a dynamically stabilized 
single wavelength. 
Las.ers are so constructed that ·they emit light from their edge or from their 
top surf~ce. Accordingly, they are called edge-emitting and surface-emitting 
lasers respectively. 
As describe.d above, in the surface-emitting laser, the laser output is 
normal to th~ wafer surface. lga et al. [21] were the first to fabricate such 
surface-emitting· lasers. ·Figure 7 shows a schematic cross section of a surface-
15 
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emitting laser. The surface of the wafer form the Fabry-Perot cavity of the laser. 
The laser has a threshold current density of approximately 11 kA/cm2 at 77 K 
and have been operated at output powers of several milliwatts. 
The above scheme of laser structure may provide many novel 
advantages (22] : 
1 . The laser device is fabricated- by a fully monolithic process. 
2. A densely packed two-dimensional laser array could be fabricated 
(whose importance is brought out in the following section). 
3. The initial probe test could be performed before separation into chips. 
4. Dynamic single longitudinal mode operation is expected because of its 
large mode spacing (= 100-200 Angstroms). 
5. It is possible to vertically stack multithin-film functional optical devices on 
to the surface-emitting laser. 
6. A narrow circular beam is achievable. 
7. These lasers have low divergence· angles, comparable with: optical 
fibers. 
8. Stable operation with small influence on reflection noise can be 
expected because of its high reflectivity. 
Due to the above advantages, the surface-emitting (SE) lasers are of 
considerable interest for a variety of applications [23] such as (1 ). monolithic 
optoelectronic integrated. circuits (OEIC), (2) optical chip-to-chip interconnects, 
(3) optical logic devices, (4) optical signal processing and (5) high-po·wer large-
area two-dimensional arrays. Progress in the development of these systems, 
howeve-r, has been impeded by the limitations of existing SE laser designs, 
particularly the high thresholds and low efficiencies of devices with vertical 
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(normal to the chip plane) resonators, which are. well suited for forming 2-
dimensional laser arrays. 
Table II lists the- progress of the SE laser research by lga ~t al., while 
Table Ill shows the fundamental characteristics of some types of SE lasers~ 
1.5 Semiconductor laser arrays 
The maximum cw output power available from the singl~-element 
devices described earlier is limited ~y leakage currents bypassing the active 
region at high drive currents, inadequate heat sinking, and in the case of 
GaAIAs, facet damage at high output intensities. Typically, the maximum 
emission power level fro:m an injection laser is limited by the "volume" occupied 
by the lasing mode. Broad area devices emit high power, but their optical .mode 
stability is not good. These instabilities occur because of the interacti9n 
between the optical mode and the waveguide which can be defined by both a 
real and imaginary part of the dielectric constant [24] . One of the most common 
methods used for increasing the power from a semiconductor la.ser is to 
increase the width of the emitting region·. However, this results in significant 
occurrences of multilateral mo.des, filaments and lateral mode instabilities. Also, 
a. far field pattern is produced that is not diffraction-limited and has reduced 
brightness. 
The most practical method for increasing the output power of a 
semiconductor laser involves the use of a monolithic array of phase-locked 
laser diodes. The first reported laser array [25] consisted of five closely coupled 
proton bombarded lasers. Much progress has been made on monolithic laser 
arrays since the first reported work on the phase-locked operation. The original 
coupling scheme involved branched waveguides, but it is now beli"eved that the 
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evanescent field coupling among an array of index-guided lasers is. a better 
approach. Recent efforts have been focussed on achieving high output power 
while controlling the far fieJd distribution corresponding to the fundamental array 
mode with all the elements locked in-phase. To excite the fundamental array 
mode, it is necessary to introduce either optical gain in regions between the 
elements of an array, or to vary the width of the array elements. 
A laser array has -closely spaced multiple active regions, each of which 
emits .light. The stimulated emissions from the neighboring emitters overlap, 
establishing a definite phase relation between them and hence the .array emits 
a high-power, narrow, coherent beam. 
1.6 The occurrence of dissimilar waveguides in laser arrays 
In the fabrication of laser arrays, we are dealing with dimensions in 
microns at best, and as the packing density increases, these dimensions are 
even further reduced. The .three most important parameters needed to be 
looked into within the individual elements of the laser array during the 
manufacturing process are the refractive indices of the core and cladding and 
the diameter of the active region. 
If the electron density along the active re_gion of the laser is uniform, we 
can approximate the laser structure as a cy'lihdrica! dielectric waveguide. Hence 
we can use the compact expressions which Snyder and Love [2~] have come 
up with, that compute the change in propagation constant (~.B) due to minute 
perturbations in the. core .and cladding indices and. in the diameter of the active 
region (core). 
Consider a laser array, with each laser having the radius of the active 
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region of 0.55µm. Choose a coupling constant K = 1000 for stable phase-
locked operatiorl: [27, 28], an operating wavelength A= 1 µm, with a cladding of 
A10 .3Gao.7 As (refractive index= 3.325), and the core of GaAs (refractive inde)'.( = 
3.5). Two cases are dealt with: 
1. Perturbations io the core and cladding indices - The expression, as worked 
out by Snyder and Love, is: 
{1) 
J 
where: * k is equal to 2.K, with ·A being-the free space wavelength. 
A 
* onco and 8ncl are the perturbations in :the core and cladding 
indices respectively. 
* 11 is the fraction of the power in the core. It depends on the 
V- number. 
In our case, the V-number is 3.777, and the associated 11 is 0.942. Then, to get 
the change in propagation constant (~~) of around 1: 
If only the core index is perturbed .(8ncl = 0), the core index perturbation 
needed is 8nco = 0.000168954. 
If only the cladding· index is perturbed (onco = 0), the cladding index 
perturbation heeded is 8ncl = 0.0027 4405. 
If both the core and cladding indices are perturbed equally, then the 
value· of the pe.rturbation 8nco = 8ncl = 0.000159154. 
20· 
2. Perturbation in the core radius - Again, following the expression as worked 
out by Snyder and Love, 
where: 
~ - 13c) =A~= (2A)0 ·5 ~ In ( V .)2 
p2 V 
V is the V- number. 
(2) 
2z'.\ is the profile height parameter, equal to { 1 - (nco 2 I nc12)} 
op is the perturbation in the radius 'p'. 
Calculating for op, again, for the case A~ - 1, we get op= 0.002503083. 
The above 2 cases go on to show that, for dissimilarities to occur in the 
elements of the laser array, we need perturbations in. the fourth decimal place, 
as far as the index changes are concerned, and in the third decimal place, as 
far as the change in the radius of the active region is concerned. 
1.7 Literature Review 
The literature research for the present thesis involved the following four 
topics: 
1. Laser arrays and their fabrication, especially of. the surface-emitti"ng type. 
2. Coupled-mode and supermode analyses of the phase-locked 
sem.iconductor laser arrays. 
3. Analysis of the coupling coefficient between the semiconductor ·lasers. 
4. Present research on the an~lysis of dissimilar elements in a 
semiconductor laser array, especially on its use in tailoring the .near and 
far fields of the array. 
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D.R. Scifres et al. [25] were the first to document the fabrication and 
characteristic behavior of a phase-locked semiconductor laser array, in 1978. 
They operated 5 optically coupled narrow strips (3.5 mi~rons) GaAs / GaAIAs 
semiconductor lasers as a ~patially coherent phase,.locked laser array. Output 
beams with less than 2 degree divergence were observed up to 60 mW per 
facet output with a quantum efficiency greater than 25 °/o per facet. Since then, 
further increases in output power, while retaining phase-locked characteristics, 
have been documented. 
lga et al. [21,22] were the first to fabricate surface-emitting lasers. 
They have nsted the advantages of using vertical cavity surface-emitting 
(VCSE) lasers , and have described the research progress of developing a 
vertical cavity surface-emitting laser based on a GaAIAs I GaAs and GalnAsP / 
lnP systems. ·They have also described the ultimate laser characteristics, device 
design, state-of-the-art performances, possible device improvement and future 
prospects of this technology. 
The coupled-mode analysis of phase-locked injection laser arrays 
was first developed· by Butlet et al. [2·9]. They showed that an array of emitters 
with weak coupling can only operate in a set of discrete modes determined by 
the number and spacing of the emitters. A similar theory was also worked out by 
Kapon et' al. [30], ·where the optical characteristics of phase-locked 
semiconductor laser arrays are formulated in terms of the array supermodes, 
which ate the. eigenmodes of the composite array waveguide, by using 
coupled-mode theory. These supermodes are employed to calculate the near 
fields and the far fields of the array. Since then, the coupled-mode theory has 
been dealt with in several textbooks [31 ]. 
A two-dimensional extension of the analysis was developed by 
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Hayes et al. [32] in 1990. They investigated the modal properties of 2-D phase-
locked arrays of VCSE lasers, where the spatial coherency across the aperture 
comes from the evanescent coupling of the optical field of the lasers. They also 
categorize typical 2-D array structures into three :- the periodic array, the 
circular array and the centered-polygonal array. They showed that symmetry 
plays an important role in determining the array mode. 
The coupling of two waveguides was first stu_died as far back as in 
1969, by Vanclooster et al. [33]. They described the coupling between two 
parallel dielectric fibers with a system of differential equations derived, from a 
reciprocity theorem. An analysis of coupling coeff.icients between two VCSE 
lasers for 2-D phase-locked array was worked out ~y Hayes et al [34]. The 
coupling between two VCSE lasers is given by them as- the overlap integral of 
the E-field within the laser and the E-field from the other laser. They also worked 
out the relationship between the coupling coefficient, the distance between the 
two lasers and the radius of the active layer within the laser, for stable phase-
locked operation. 
As regards present research on the analysis of dissimilar elements 
in laser arrays, Yariv [31] works out the problem in which there are two elements 
in a one-dimensional array- and shows the effect of-one of them being dissimilar 
on the supermodes of the array. The subject of tailoring the near and far fields, 
so ·a~ to give uniform intensity of the fundamental mode is dealt with by J~ Buus 
[6, -35]. He obtains a highly un_iform intensity distribution, by enhancing the 
cqupling between the end elements of the array (by increasing the propagation 
constant by an amount equal to the coupling coefficient of the nearby elemHnts). 
No study so far has involved the analysis of a generalized 
couple_d-mode th~ory, which takes into account the dissimilarities in any of the 
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elements in a 1-D or a 2-D semiconductor laser array, and how they can be 
manipulated in tailoring the near and far fields of the array. 
1.8 Scope of Thesis 
This thesis examines the issues associated with the presence of 
dissimilar waveguides in linear 1-D and 2-D laser arrays. A coupled-mode 
analysis is worked out in order to-: 
A. determine the effect of dissimilar waveguides on the near field 
(relative amplitudes) and far field (relative intensity) of the laser 
array. 
B. examine the possibility of tailoring the near and far fields using 
dissimilar waveguides in order to get uniform intensity distribution 
of the array. 
C. define and understand the fault-tolerance properties of having 
dissimilar wave.guides in 1-D and 2-D laser arrays. 
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2 THEORETICAL ANALYSIS 
2.1 One-Dimensional Coupled-mode Analysis 
Butler et al. [27] recognized that, to a first approximation, an array can be 
modeled as a system of N weakly coupled waveguides. The re$ults indicate that 
the general solution for the field amplitudes will consist of a supe~position of 
their array modes. 
To describe the operation of a laser array, Butler analyzed a system of N 
equally spaced and weakly-coupled lasers in which the elements are assumed 
to be identical. 
The formal analysis has been presented in Appendix 1. Equivalent 
results are obtained by considering the following analysis: 
Consider a linear 1-Dimensional laser array, with N elements (see Figure 
8). Let each element have a coupling coefficient 'K' and propagation constant 
'~'. Assume that the elements interact with only their nearest neighbors. 
0000000000 
. 
. 
t 2 3 4 5 6 7 8 9 10 
Figure 8 : One-dimensional array, with no dissimilar elements. 
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The electric field 'E' in each element of the array satisfies the differential 
equation: 
i (dEn / dz) + ~ En + K { En+ 1 + En_ 1 } = O 
where En is the electric field of the nth element of the array 
(3a) 
A general supermode of the system is given by En= an exp( i ~ z ), where 
an = exp ( i cr z ). sin (An ) 
Substituting the valµe of En in (3a), we get 
i (dan / dz) + K { an+ 1 + an_ 1 } = 0 
here, A is a constant needed to be evaluated, and a is the eigenvalue. 
.(3b) 
The value of a· is got by putting the value of an in the differential equation (3b). 
cr = 2K cos ( A ) (4a) 
Assuming that the power at the ends of the. array is equal to zero (to account for 
the finiteness of the array), we get the boundary conditions 
and an=N+1 = 0. 
Using the second boundary condition, one obtains the eigenvalue equation for 
A as 
sin { (N+1) A}= O (4b) 
Therefore, A= S1t , where s has values from 1 to N. 
(N+ 1) 
Thus the various supermodes of the array can be calculated indirectly from (4b). 
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2.1.1 Coupled-mode analysis of a 1-D laser array having one 
dissimilar element 
Suppose, now, that one of the elements of the 1-D array considered 
above, say element number 'm' is dissimilar as compared to the rest of the 
elements in the array (see Figure 9). 
00000 0000 
1 2 3 4 5 6 
m 
7 8 9 
Figure 9 : One-dimensional array, with 1 dissimilar element (m = 6). 
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It no longer has the same propagation constant ~ as the rest of the elements. 
Let~~ be the chan·ge in the pr.opagation constant. The differential equation 
(3b) is then modified as: 
i (dan I dz) + ~~ an 8nm + K { an+1 + an-1 } = 0 (5) 
where - 8nm is equal to t for n = m and zero otherwise. 
Again; En is of the form En'."" an exp ( i ~ z ), where an is m.odified as; 
an = exp ( a z) sin ( k n ) 
an = exp ( i a z ) amo 
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for 1 < n < m 
for n ...:.- m 
(6a) 
(6b) 
an= exp ( i cr z) { A sin (An) + s· cos (An)} form< n < N (6c) 
Here, A, B, amo are all constants whose values are to be found. 
As in the previous case, if we assume that the power at the ends of the array is 
zero, we get the boundary conditions: 
an=O = 0 and an=N+ 1 = 0. The second boundary condition, on 
substituting the appropriate value of an from (6c) above, gives: 
tan { ( N + 1 ) ~} = -Ji , the eigenvalue equation. 
A 
Substituting the appropriate value of an from (6a) and (6c) above, 
for 1 < n < (m.-1 ), and for (m+ 1) < n < N, into ·the differential equation (5), we 
obtain the value of cr as -
cr = 2K cos ( A ) (7) 
The value of the constant term amo is got, py substituting the appropriate value 
of an from (6a) for n = ( m-1 ) in the differential equation (5), to. be 
amo = sin ( A m ) (8) 
Similarly, for n = m and n = m+ 1, substituting the values from (6b,6c) above into 
the differential equation, we obtain simultaneous equations .in A and B. Solving 
these equations, we get the values of A and B which are -given by 
where -
A = 1 - 0.5p sin ( 2 A m ) 
sin (A) 
p = ( ~~/ K) 
B = p sin2 ( A m ) (9) 
sin ( A ) 
(1 O} 
Thus, the eigenvalue equation then becomes 
ta.n { ( N + 1) A} + p sin2 (Am ) - o (11) 
sin ( A ) - 0.5p sin ( 2 A m ) 
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Thus the ~igenvalues CJ are indirectly· obtained from (11 ). It can be seen that, if 
p = 0, i.e., there is no dissimilarity, the above equation reduces to (4b). 
Equation (11) yields solutions for relatively small values of p. These 
solutions depend upon the number of elements and the position of the 
dissimilar waveguide in the array, and all sol"utions may not be obtained from 
(11) above. Then, the missing solutions can be got from another eigenvalue 
equation, obtained by going through all the steps above, but now assuming 
hyperbolic solutions for an as follows: 
an = exp ( i CJ z ) .sinh ( A n) for 1 < n < m (12a) 
an = exp ( i a z ) amo for n = m (.12b) 
an = .exp ( i a z ) {A sinh ( A n ) + B cosh ( A n)} for·m < n < N (12G) 
The eigenvalue, then, becomes 
and 
Also, then 
a = 2K cash (A ) 
A = 1 - 0.5p sinh ( 2 A m ) , 
sinh (A) 
. 2 B = p s1nh (Am} 
sinh(A) 
("13) 
(14) 
(15) 
while, the eigenvalue equation changes to 
tanh { ( N + 1 ) } + p sinh2 ( A m ) - 0 (16) 
sinh (A ) - 0.5p sinh ( 2 A m ) 
For negative values of p, however, the missing solutions cannot be found using 
the above simple hyperbolic solutions. Instead, we assume~ of the form: 
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, 
,, 
an = exp ( i cr z) (-1 )n sinh (An ) 
an =· exp ( i cr z ) amo 
for 1 <·n < .m (17a) 
for n = m (17b) 
an = e~p ( i cr z) (-1 )n {A sinh (An ) + B cash (Ari )l form< n < N (17c) 
Going th.rough the $ame exercise as before_, we obtain 
a~ -2K cash ( A ) (18) 
<c;,· 
amo = (-1 )m sinh (Am) (19) 
A= 1 + O.Sp sinh ( 2 Am ) , B = - p sinh2 ( "A m ) (20) 
sinh ( A) sinh ( A ) 
and the eigenvalue equation is transformed as follows, to 
p sinh2 (Am) - 0 (.21) 
sinh ( A) + 0.5p sinh ( 2 Am ) 
The procedure, in short, to find the eigenvalues, is to solve equation (11) 
first, and then qbtain the missing roots from equation (16), or equation (21) (if p 
is negative). A point to be noted is that the coupling coefficient x: between the 
elements of the array is assumed to be unaffected in the presence of dissimilar 
elements in the array. The theory, accounting forthe change in the coupli.ng 
coefficient, has been worked out in Appendix 2. 
Numerical Examples: 
Consider a 1-D laser array, with 1 O elements (N=10), and the sth 
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Figure 10 : Near field of 1-D array, 
with no dissimilar element 
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Figure 11: Near field of 1-D array, with one 
dissimilar element, p = 0.2 
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Figure 12: Near field of 1-D array, with one 
dissimilar element, p = 0.5 
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Figure 13: Near field of 1-D array, with one 
dissimilar element, p = 1.0 
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Figure 14: Near field of 1-D array, with one 
dissimilar element, p = -1.0 
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Figure 15: Far Fields of 1-D array 
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Figure 16: Near field of 1-D array, with one 
dissilililar element, p = -1.0 
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element being_ dissimilar (m~6). Figures 10, 11, 12, 13 and 14 show the near 
fields (an s) of the fundamental mode, with the corresponding values of p as O 
(no dissimilar waveguide), 0.2, 0.5, 1.0 and -1.0. Figure 15 shows the 
corresponding far fields. On comparing, one finds that, as the value of p 
·increases i.e., the dissimilarity of the element increases, the farfield gets more 
and more spread out, which is detrimental, as we want the energy in the far field 
to be concentrated in as small an area as possib_le·. Also, there is a "dip" in the 
near field pattern in the p = -1.0 case, at the position of .the dissimilar 
waveguide, showing that the energy is "repelled" from that position because of 
the dissimilarity. Figure 16 .depicts the near field of the eigenvalue obtained 
from equation (21 ). As predicted in the coupled-mode analysis, the amplitudes 
"·flip" from a positive to negative value as we go down the array. Tables IV, V, VI 
and VII shows the roots obtained from the eigenval.ue equations, for the cases 
p = 0, p = 0.5, p = 1.0 and p = -1.0. 
2.1.2 Coupled-mode analysis of a 1-D laser array, having two 
dissimilar elements 
Suppose, now, that two of the elements of the 1-D array, say element 
numbers 'i' and 'j' are dissimilar as compared to the rest of the elem.ants in the 
array ( see Figure 17). 
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Figure 17 : 0.he-dimensional array, with 2 dissimilar elements ( at i and j ) 
Let their propagation constants be modified to p1 and p2 respectively, so that 
the respective chanQeS in the propa·gation constants are ~p1 and ~P2- The 
coupled-mode differential equation (3b) is modified as follows: 
where: Sni and Dnj are equal to 1 for n=i and. n=j respectively, and zero 
otherwise. 
Again, let En = an exp ( i p z ), where an is given by 
= 
an = exp ( i a z) sin (. A n ) for 1 < n < i (23a) 
an = exp ( i a z ) a0 for n = .i (23b) 
an = ·exp (i a z) { A sin ("An ) + B cos {An ) } for i < n < j (23c) 
an = exp ( i a z ) b0 for n = j (23d) 
an = exp (i a z ) { C sin ( A n ) + D cos ( A n ) } for j < n < N (23e) 
Here, A,. B, C, D, a0 and b0 are all constants whose value is to be obtained. 
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As before, assuming that power reduces to zero at the ends of the waveguide, 
we get two boundary conditions: an=O = 0 and an=N+ 1 = 0. The second 
boundary condition, using the appropriate value of an from (23e) above, gives 
the eigenvalue equation : tan { (N+ 1) A } + Q. = O 
C 
For simplicity, assume Ap1 = AP2 = AP (the case Ap1 not equal to AP2 is 
worked out in Appendix 3). Working in a similar manner as earlier, substituting 
the appropriate values of an from (23), for 1 < n < (i-1 ) , 
(i+ 1) < n < U-1) and (j+ 1) < n < N into the differential equation, we obtain the 
expression for the eigenvalue a as 
a = 2K cos (A ) (24) 
Again, for n = (i-t), substitute the value of an in (2·2), to get the value of a0 as 
a0 = sin (Ai) (25) 
Working out the same exercise for n = (j-1 ), we find an expres$ion for b0 as 
.bo=Asin(Aj) + Bcos(A.j) (26) 
Now, substituting the appropriate values of an for n = i and n = (i+ t), in (22), w~ 
get simultaneous equations in A arid B, which, on solving, give 
where -
A = 1 - 0.5p sin ( 2 A i ) 
sin (A) 
p = (AP/ K) 
B = p sin2 (Ai ) 
sin (A) 
Simifarly, doi"ng the same exercise for n = j and n = U+ 1 ), we get 
c = t - 0.5p sin (A) { sin (2Ai) + sin (2Aj)} - p2 sin (Ai) cos (Aj) sin {(l·i)A} 
(27) 
(28) 
sin2 ( A ) (29) 
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D = p sin (A) f sin2 (Ai) + sin2 (Aj)} . ~ .· p2 sin (Ai) sin OJ) si·n {U-i)A} 
sin2 (A) 
Thus the eigenvalue equation becomes 
(30) 
tan f(N+ 1 )A} + p sin (A){ sin2 (2ivi)+sin2 (Aj)} - p2 sin (Ai) sin (Aj) sin {U-i)A} = o 
sin2 (A)-0.5p sin (A){sin (2Ai)+sin (2A.j)} + p2sin (Ai)cos (Aj)sin {(j-i)t} 
(31.) 
The above equation yields solutions for relative!y small values of p (as 
explained in the 1-D ca$e).Thus, for higher values of p, we need an alternate 
eigenvalue equation, which is got by assuming hyperbolic solutions of an as 
an = exp ( i a z ) sin h ( A n ) for 1 < n < i 
an·= exp ( i a z ) a0 for n = i 
an = exp (i a z) { A sinh (An) + B cash ( A n) l for i < n <j 
an = exp ( i a z ) bo for n = j 
an = exp (i a z) { C sinh (An) + D·c.osh ( A n ) } fo'r j < n < N 
Going through the same exercise once again, we get 
a = 2K cash ( A ) 
a0 = sinh ( Ai ) 
b0 = A sinh ( A j) + B cash ( A j ) 
(32a) 
(32b) 
(32Q) 
(32d) 
(32e) 
(3·3) 
(34) 
(35) 
A= 1 - o.sp siob ( 2 Ai ) 
sinh ( A) 
B = p sinh2 ( "- i ) (36) 
sinh ( A ) 
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where - P=~ (37) 
1( 
c = 1 - 0.5p sinh (Ac) {sinh (_2Ai)+sinh (2Aj)} - p2 sinh (Ai) cosh (Atj) sinh {U-i)At} 
sinh2 (A) (38) 
D = p sinh (Ac) {sinh2 (Ai)+sinh2 (txill - p2 sinh (txi) sinh (Ai) sinh {(j-i)A} 
sinh2 (A) (39) 
Thus the eigenvalue equation becomes 
tanh{(N+1 )A}+ psinb(At){siob2QJ)+siob2 (2J)} - p2siob(Ati)siob(Aj)siob{U-i)At} =O 
sinh2 (A)-...Qsi n h(A){ sin h(2Ai)+si nh (2Aj)}+p2 si n h(Ai)cosh(Aj)si nh{ (j-i )A} 
2 (40) 
For negative values of p, however, the mis~ing solutions cannot be found 
from (40) above. One then assumes modified hyperbolic solutions of an as 
an = (-1)nexp·( i az) sinh (An) for 1 < n < i (41 a) 
an = ( -1 ) n exp ( i a z ") a0 for n = i (41 b) 
an= (-1 )nexp (i a z) {A sinh (An )+B cash (An)} for i < n < j (41.c) 
an= (-1 )nexp ( i az) bo for n = j (41 d) 
an= (-1 )nexp (i a z) {C sinh (An )+D cash (An)} for j < n < N (41 e) 
Going through the same exercise as before, we get 
a= -2K cash (A) (42) 
a0 = (-1 )nsinh ( A i ) (43) 
b o = ( -1 ) n { A s i n h ( A j ) + B cos h ( t j ) } ( 4 4) 
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A = 1 + 0.5p sinh ( 2 A i ) , B = - p sinh2 ( A i ) ( 45) 
sinh ( A) sinh ( A) 
where - p .AJl (46) 
1( 
C = 1 + O.Sp sinh (Ac) {sinh (2Ai)+sinh (2Aj)} + p2 sinh (2d) cosh (Aj) sinh {(j-i)A} 
sinh2 (A) (47) 
o = - p sinh (A) {sinb2 (Aj)+siob2 (Aj)} - p2 sinh (Ai) siob (Aj) sinh {U-i)A} 
sinh2 (A) (48) 
Thus the e.igenvalue equation becomes 
tanh{ (N+ 1 )A} - psjnh(A){sinh2 (Ai)+sinh2 (Aj)} + p2 sinh(Ai)sinh(Aj)sinh{(j-i)A} = o 
si nh2 (A)+p_si n h(A){ sin h(2A-i)+si nh (2Aj)}+p2si n h (Ai )cash (Aj)si nh{ (j-i)A} 
2 (49) 
Numerical Examples: 
Consider a linear 1-D array, with 1 O elements (N=10), and the dissimilar 
elements being the 1st and the 1 oth elements (i = 1 and j = 10). Figures 18, 19, 
20 and 21 show the near fields of the array, with the corresponding values o_f p 
equal to 0.2, 0.5, 0.99, 1.1 respectively. Figure 22· shows the far fields of the 
cas.e where there is no dissimilarity (p = 0) and the case where p = 1.1. As seen, 
the p = 1.1 has a more confined. far field, but at t_he cost of more side lobes. This 
shows that one can use dissimilar elements in an array, to tailor the appearance 
o.f the far field. 
One interesting case to note is the one with p = 1.0. All the. eigenvalues, 
except that corresponding to the fundamental mode were found. The missing 
solution was not obtained even from the hyperbolic solutions, suggesting that, 
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Figure 18: Near field of 1-D array, with two 
dissimilar elements, p = 0.2 
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Figure 19: Near field of 1-D array, with two 
dissimilar elements, p = 0.5 
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Figure 20: Near field of 1-D array,with two 
dissimilar elements, p = 0.99 
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Figure 21: Near field of 1-D array,with two 
dissimilar elements, p = 1.1 
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Figure 22: Far fields of 1-D array. 
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p=O 
p = 1.1 
perhaps, there is some singularity involved for the ·above case, while trying to 
solve the eigenvalue equation. However, the sth root gave the corresponding_ 
values of an as {1, -1, -1, 1, 1, -1, -1, 1, 1, -1 }, which exactly matches the ffnding 
of Jens Buus. 
Tables VIII and IX show the roots obtained from the eigenvalue 
equations, for the cases p = 0.99 and p = 1.1. 
2.2 Two-dimensional Coupled-mode Analysis 
The coupled-mode theory, presented in the previous section, can also be 
extended to two-dimensional linear laser arrays. 
Consider a 2-D laser array, having M rows and N· columns of elements 
(total elements= M * N), as shown in Figure 23. Sim_ilar to the 1-0 case, the 
Electric field 'E' in each element of the array satisfies the differential equation 
i (dEn m /dz)+~ En m + K {E~+ 1 m + En-1 m + En m+ 1 + En m-1l = 0 (50) 
J J. J . J . J J . 
where 'En m' is the E-field of the element in the nth.column and mth row of the 
J 
array, and the rest of the variables have their usual meaning. 
Assume En m of the form En m = an m exp ( i ~ z ), where an m is of the form 
' ' ' ' 
an,m = exp ( i a z ) sin ( A1 m ) sin ( A2 n ) 
Sub$tituting the value of En m into (50) we get 
' 
(51) 
i (dan,m I dz)+ K { an+ 1,m + an-1,m + an,m+ 1 + an,m-1 } = O (52) 
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Figure 23: Two-dimensional array, with rio dissimilar elements. 
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As before, a is the eigenvalue and X. 1 and A2 are constants to be evaluated. 
The expression for·cr is found by substituting the value of an m into (52). , 
cr = 2K { cos ( A1 ) + cos (A2 ) } 
. 
. 
(53) 
If we assume that the power at the ends of the array is equal to zero (to account 
for the finiteness of the array), we obtain the boundary conditions 
a O = O . n . , an M+1 = O aa m = O , , and aN+1 m=0 . . , 
Using the second boundary condition, we get 
sin { ( M + 1 ) A 1 } sin ( l 2 n ) = O or 
sin { (M+1) A1} = 0 i.e., A1 = S1t 
(M+1) 
Similarly, using the fourth boundary condition, 
sin{. (N+1) A2 } = O i.e., A2 = tzc 
(N+ 1) 
s runs from 1 to M 
t runs from 1 to N 
(54a) 
(54b) 
The above are the eigenvalue equations, from which all the N * M supermodes 
·of the array can be indirectly obtained. 
2.2.1 Coupled - mode analysis of a 2-dimensional laser array, 
having 1 line of dissimilar elements. 
Suppose, now, that one of the rows of elements of the 2-D array, say row 
number 'j' has elements dissimilar as compared to the rest of the array (Figure 
24). These elements have a slightly different propagation constant than the rest 
of the elements .. Let, as before,.~~ be the change in propagation constant. The 
differential equation (52) is slightly modified as follows: 
S1 
0000000000 
0000000000 
0000000000 
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0000000000 
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0000000000 
0000000000 
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Figure 24: Two-dimensional array, with o"ne line of dissimilar elements~ 
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i (dcln,mldz) + ~~ 8n,m On,j + K {cln+ 1,m + cln-1,m + cln,m+ 1 + 8n,m-1} = 0 (55) 
where Bn,j is equal to 1 form = j, and zero otherwise. 
Assume an m to be of the form 
' 
an,m = exp ( i a z) sin ( A1 m) sin ( A2 n ) 
an, m = exp ( i a z ) a0 sin ( A2 n ) 
for 1 < m < j 
and 1 < n < N ( 56a) 
form= j 
and 1 < n < N (56b) 
an,m = .exp (ia z) sin (A2n){A Si'l (A1 m)+B cos (A1 m)} for (j+ 1) < m < M 
and 1 < n < N ( 56c) 
Here, A, B, a0 are au constants whose values are to be found. 
To find .an expression for the eigenvalue o, substitute the appropriate values of 
an m from (56a) and (56c), for 1 < m < (j-1) and (j+1) < m < ·M, into the 
' 
differential ~quation (55). 
(57) 
As before, assuming that the power reduces to zero at the ends of the array, the 
following boundary conditions are obtained -
an O = 0 
' 
an M+1 = O ao m = O 
' ' 
and aN+l m = O 
' 
The fourth condition gives the eigenvalue equation for A2 as 
sin ( A2 n ) = O , i.e. , A2 = ht 
(N+ 1) 
The second condition, similarly, gives 
tan { ( M+ 1) A1 } + Ji = 0 
A 
t runs from 1 to N 
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(58) 
(59) 
To get an expression for 8c), put in the appropriate value of an,m in the 
differential equation (55). 
(60} 
To find A and B, solve the simultaneous equations obtained by pu~ting in the 
appropriate values of an m in the differential equation (55.), for values of m 
I 
equal to U+ 1) and j. We get 
A= 1 - . 0.5p sin ( 2 Ai1 j ) 
sin ( A1 ) 
B = p sin2 ( A1 j) (61) 
sin ( A1 ) 
where - p =Ali (62) 
K 
Thus, the eigenvalue equation (59) is transformed as 
tan { ( M + 1 ) A1 } + .P sin2 ( A1 j ) - o (63) 
sin ( A1 ) - 0.5p sin ( 2 A1 j ) 
Thus, all the supermodes are obtained indirectly from the eigenvalue equations 
(58) and (63). 
2.2.2 Coupled-mode analysis of a 2-dimensional laser array, 
with 2 vertical and 2 horizontal lines, having 2 dissimilar elements 
each 
Figure (25) shows a 2-D array, with 4 dissimilar elements in 2 columns 
and 2 rows. This is an exten_sion to two Dimensions of the 1-D case worked out 
before, having 2 dissimilar elements. Let the position of the dissimilar elements 
be as follows: in columns 'i' and 'j', and in rows 'k' and 'I'. 
The differential equation (55) now becomes: 
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Figure 25 : Two-dimensional array, with 2 lines of dissimilar elements. 
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i d.an,m+~P 8n,m (On,i+On,j+~,m+&,m) + K{8n+1,m+cln-1,m+8n;m+l+cln,m-l} = 0 (64) 
dz 
where Bn,i = 1 for n = i, Bn,j = 1 for n = j, ok,m = 1 fork= m, Bi,m = 1 for I = m, and 
all four are equal to zero otherwise. 
As before, assume ~olutions of an mas follows: 
' 
an, m = exp (i a z ) sin ( A 1 m ) sin ( A2 n ) 
for 1 < n < i & 1 < m < k (65a) 
an m = ·exp (i-a z} sin (A1 m){A sin (A2 n)+B cos (A2 n)} 
' ~ 
for (i+ 1) < n < j & 1 < m < k (65b) 
an,m = exp (i a z) sin (A1 m){C sin (A2 n)+D cos (A2 n)} 
for (j+ 1) < n < N & 1 < m < k (65c) 
an m = exp (i a z) {E sin (A1 m)+F cos (A1 m)} sin ( A2 n) 
' 
for 1 < n < i & (k+ 1) < m ·< I (65d) 
an,m = exp (i a z) {E sin (A1 m)+F cos (A1 m)}{A sin (A2 n)+B cos (A2 n)} 
for (i+ 1) < n < j & (k+ 1) < m < I (65e )-
an m = exp (i a z) {E sin .(A1 m)+F cos (A1 m)}{C sin (A2 n)+D cos (A2 n)} 
' . 
for (j+ 1) < n < N & (k+ 1) < m < I (65f) 
an m = exp (i a z) {G sin (A1 m)+H cos (A1 m)} sin ( A2 n ) 
' 
for 1 < n < i & (I+ 1) < m < M (65g) 
an,m = exp (i a z) {G si.n (t1 m)+H cos (A 1 m)}{A sin (A2 n)+B cos (A2 n)} 
for (i+1.) < n < j & (I+ 1) < m < M (65h) 
an,m = exp (i a z) {G sin (A1 m)+H cos (A1 m)}{C sin (A2 n)+D cos (A2 n)} 
for U+ 1) <. n < N & (I+ 1) < m < M (65i) 
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an,m = exp (i a z) a1 sin ( A2 n ) line L 1 
for 1 < n < i & m = k 
an m = exp· (i a z) a2 {A sin (A2 n)+B cos (A2 n)} 
' . 
line L2 
(65j) 
for (i+1) < n < j & m =·k (65k) 
an,m = exp {i a z) a3 {C sin (A2 n)+D cos (A2 n)} line L3 
for (j+ 1) < n < N & m = k (651) 
line L4 
for 1 < n < i & m = I (65m) 
an,m = exp (i a z) a5 {A sin (A2 n)+B cos (A2 n)} line L5 
for (i+ 1) < n < j & m = I (65n) 
an,m = exp (i a z) a6 {C sin (A2 n)+D cos '(A2 n)} line L6 
for U+ 1) < n < N & m = I (65o) 
an,m = exp (i a z) a7 sin ( 1 1 m) line L7 
for n = i & 1 < m < k (65p) 
an m = exp (i a z) a8 {E sin (.t1 m}+F cos (A1 .m)}. 
. '· 
line LB 
for n = i & ( k + 1 ) < m < I (65q) 
an,.m = exp (i a z) a9 {G sin (A1 m)+H cos (A1 m)} line L9 
for n = i & (I+ 1) < m < M (65r) 
an,m = exp (i a z ) a10 sin ( A. 1 m ) line L 1 O 
for n = j & 1 < m < k (65s) 
an,m = exp (i cr z) a11 {E sin (A1 m)+F cos (A1 m)} line L 11 
for n = j & (k+ 1) < m < I (65t) 
57 
an,m = exp (i az) a12 {G sin (A1 m)+H cos (A1 m)} line L 12 
far n = j & ( I+ 1 ) < m < M ( 65u) 
an,m.= exp (i a z) a13 
an,m = exp (i az) a14 
an m = exp (i a z ) a15 
' 
an m = exp (i a z ) a16 
. ' 
for n = i &m = k 
for n = j & m = k 
for n = i & m =· I 
for n = j & m = I 
(65v) 
(65w) 
(65x) 
(65y) 
Here A through H and a1 through a16 are all constants, and the other variables 
have their usual meaning. 
To find an expression for a put in the appropriate value of an m from (6.5) 
' 
above, for 1 < n < (i-1) and 1 < rn < (k-1 ), into the differential equat_ion (64) 
a = 2K { cos ( A1 ) + cos (A2 ) } 
To find a1 through a12 : 
(66) 
Put the appropriate values of an m from (65) above, for m = (k-1) and 1 < n < (i-
, 
1), m = (k-1) & (i+1) < n < U-1) and m = (k-1) and (j+1) < n < N, into (64)to get 
a1 = a2 = a3 ::; sin ( A1 k) 
Similarly, form= (1-1) and the above intervals for n, yields 
a4 = a5 = a6 = E sin(A1 l)+F cos (~1 I} 
Again, using n = (i-1) and the intervals 1 < m < (k-1), (k+ 1) < m < (1""1) and 
(1+1) < m < M, and going through the same steps as above, one obtains 
a 7 = a8 = a9 = sin ( A2 i ) 
Similarly, putting n = U-1) and the same intervals form as above, we get 
(67) 
(68) 
(69.) 
a1 o = a11 = a12 = A sin (A2 j)+B cos (A2 J) (70) 
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To find A through H : 
A and B are obtained from the simultaneous equations obtained by substituting 
the appropriate value of an m from (65), for n == i & n = (i+ 1) and 1 < m < (k-1 ), 
I 
into the differential equation. 
A = 1 - 0.5p sin ( 2 Ac2 i ) 
sin ( A.2 ) 
B =-P sin2 ( A2 i) (71) 
sin ( A2 ) 
where - p .Ali· (72) 
1( 
··Similarly, form= k and m = (k+.1) and 1 < n < (i-1 ), we get E and Fas 
E = 1 - 0. Sp sin ( 2 A 1 k ) 
sin ( A1 ) 
F = p sin2 ( A1 k) (73) 
sin ( A1 ) 
Again, going through the same exercise as above, but now for n = j and 
n = U+1) and 1 < m· < (k-1), we get C and Das 
C = 1 - 0.5p sin (A2 ) { sin (2A2 i) + sin (2A2 f)} + .p2 sin (A2i) cos (A2j) sin {(j-i)A2} 
sin2· ( A2 ) (7 4} 
D = p sin (A2) { sio2 (~2i) + sin2 0"2D} - p2 sin· (1iv2i) sin (A2D sin {(j-i)~2l 
sin2 ( A2 ) (75) 
Similarly, form= I and m = (I+ 1) and 1 < n < (i~1 ), we get G and H 
G = 1 - 0.5p sin (Ai} { sin (2A1k) + sin (2A11)} + p2 sin (A1k) cos (~.11) sin {(l-k)\11 
sin2 ( A1 ) (76) 
H = p sin (A1) { sin2 ()y 1k) + sin2 ()y11)} - p2 sin (A2 i) sin (A2i) sin {(j-i)A2} 
sin2 (A2 ) (77) 
To find a13 through a16 : 
For n = (i -1) and m = k, substitute the approprfate equation in the differential 
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equation, to get a1 a as 
(78) 
For n = U-1) and m ~ k, working as above, we get.a14 as 
a14 = sin ( A1 k) { A sin ( A2 j )+B cos ( A2 j ) } (79) 
n = (i -1) and m = I, gives 
a15 = { E sin ( t 1 I )+F cos ( A1 I ) } sin ( A2 i ) (80) 
Similarly, n = (j -1) and m = I gives 
a 1 6. = { A sin ( A2 j ) +B cos ( A2 j )} { E sin ( A 1 I ) +F cos ( A 1 I )} ( 81 ) 
Using the boundary conditions, got by assuming that the power at the erids of 
the array is equal to zero, 
an,M+1 = o ao,m = o and aN+1 m=O 
' 
The second boundary condition gives the eigenva_lue equation for A1, on 
substituting the value of G and H from (76) and (77) 
tan {(M+ 1 )A}+ p-sin (A){ sin2 (Ak)+sin2 (Al)}.~ p2 sin .fbk) sin (Al) sin ·{(l,.k)A} = O 
sin2 (A)-0.5p sin (A){sin (2Ak)+sin (2AI).} +p2sin (Ak)cos (Al)sin {(1-k)A} 
(82) 
where A= A1. 
Similarly, the fourth boundary condition gives the eigenvalue equation for "A2 as 
tan {(N+ 1 )A}+ p sin (A) { sin2 (Ai)+sin2 (Aj)} - p2 sin (Ai) sin (Aj) sin {(j-i)A} = o 
sin2 (A)-0.5p sin (A){sin (2Ai)+sin (2Aj)} +p2 sin (Ai)cos (Aj)sin {(j-i)A} 
(83) 
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where A= 'A.2 . 
All the supermodes can be indirectly obtained ,ram (82) and (83). 
Numerical Example : 
Consider a 2-0 array, having 1 O columns and 1 O rows (total elements 
100). Thus M =. N = 10. Also, let the dissimilar elements be at the beginning and 
ends of the first and last column (i - 1, j = N, k = 1 and I = M). Figure 26 shows 
the near field of ·the array, with no dissimilar elements, while Figure 27 port.rays 
the near field of the above case, with p = 0.99. The- e·igenvalues for p = O and p 
= 0.99 case are the same as in the 1-0 case (Tables IV and IX respectively). 
On comparison, it. is seen that, in the case of the near fields, the array having 
dissimilar elements is flat and constant, just like in the 1-D case. 
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F Lg u re. 26: Ne 6 r f le I d , 2- D, n o d Ls s L m L I or L t y 
F Lg u re 27: Ne o r f Le I d , 2- D , 2 d Ls s L m L .I or L t le s 
..,,, 
~ 
3 CONCLUSIONS 
A coupled-mode analysis of 1 - D and 2 - D laser arrays, with dissimilar 
waveguides/ elements in tt,em, has been worked out. The effect of this 
diS$imilarity on th·e near and ·far fields of the arrays is shown. The far-field of the 
array can be modified or tailored according to the need {for example, for 
constant intensity distribution), by introducing dissimilar elements into the array. 
Alternatively, one can predict the fault-tolerance properties of these arrays, 
using the theory worked out in this thesis, i.e., what are th~ tolerance limits· on 
the dimensions of the waveguides while man·ufacturing them and what is the 
effect of a dissimilar element on the performance of the laser a.rray. 
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TABLE I 
Possible Quaternery Semiconductor materials for Lasers 
Substrate Active material 
lnP Ga In As P 
GaAs Ga In As P 
lnP Ga In Sb P 
GaSb Ga In Sb P 
lnAs Gain As Sb 
GaSb Ga In As Sb 
GaSb AIGaAsSb 
lnAs In As Sb P 
GaAs Al Ga As 
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Energy gap 
(eV) 
1.35 - 0.75 
·1.24 - 0.73 
Wavelength 
(microns) 
0.92- 1.67 
0.65-0.9 
0.9-1 ~33 
2.0 - 3.0 
1.6- 3.6 
1.7.- 3.9 
1.0-1.7 
1.8·- 3.6 
0.7 - 0.9 
TABLE II 
Progress of Surface Emitting Laser Research 
GalnAsP / lnP SE Laser GaAIAs / GaAs SE Laser 
1977 Suggestion 
1979 Planar 900 mA (77 K, P) p : Pulse !a\ 
1981 BH 520 mA (77 K, P) CW : Continuous wave 
PBH 800 mA (77 K, P) 
1982 Short Cavity 160 mA (77 K, P) 
1983 Window/ Cap 50 mA (77 K, P) Short Cavity 350 mA (77K, P) 
180 mA (140K, P) 1.2 A (293K, P) 
1984 Two Act 145 mA (77 K, P) Ring electrode 510 mA (293K, P) 
Ring electrode 90 mA (77 K, P) ·310 mA (293 K,. P) 
720 mA (188K, P) 
Low - Mesa 60 mA (77 K, P) 
450 mA (217K, P) 
1985 35 mA (77 K, P) DMLR 400 mA (293 K, P) 
700 mA (252K, P) 
DBR 120 mA (77 K, P) 250 ·mA (293 K, P) 
PBH 250 mA (77 K, P) MBE 450 mA (293 K, P) 
HMPB 85 mA (77 K, P) DMLR 150 mA (293 K, P) 
600 mA (225 K-,P) 
DMLR 65 mA (77 K, P) 
Au/ Si02 18 mA (77 K, ~) 
400 mA (263 K, P) 
1986 CBH 24 mA (77 ·K, P) CBH 68 mA (293 K, P) 
FCBH 20 mA (77 K, P) 6 mA (293 K, P) 
4.5 mA (77 K, Cw) 
MOC·VD 300 mA (293 K, P) 
1987 CBH 15 mA (77 K, Cw) MOCVD-CBH 50 mA (293 K, P) 
55 mA (160 K, Cw) 
1988 FCBH 12 mA (77 K, Cw) MOCVD-CBH 40 mA (293 K, P) 
50 mA (230 K, Cw) 
HMPB : High-Mesa/ Poly imide- Buried DMLR : Dielectric Multilayer reflector 
PBH : Planar Buried Heterostructure CBH : Circular buried Heterostructure 
FCBH : Flat Surface CBH 70 
TABLE Ill 
Fundamental Characteristics of some types of SE Lasers 
Laser 2D Laser Coupling with 
Characteristics Array capability other devices 
Vertical Cavity * Narrow circular * Free arrangement * Vertical stacking 
beam divergence * Dense packing 
* Single mode 
operation 
Horizontal Cavity 
1. Grating Coupling * Limited efficiency * Limited by cavity * Beam angle 
* Narrow beam in length sensitive to the 
one direction change in 
wavelength 
2. 45 degree * Compatible with * Limited by ·cavity * Similar to stripe 
deflecting mirror conventional length lasers 
structure 
* Beam quality 
dependent on 
mirror flatness 
F 
Turn-up Cavity * Limited equivalent * Limited by cavity * Similar to stripe 
ref I activity length lasers-
* Simple to * Difficult due to 
manufacture obl.ique output 
beam 
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TABLE IV 
Roots of 1-D case, with no dissimilar waveguides 
ROOT EIGENVALUE 
(A) (2 Cos[A]) 
(1) 0.285599332 1.91898 
(2) 0.571198664 1.68251 
(3) 0.856799648 1.30972 
(4) 1.142397329 0.83083 
(5) 1.427996661 0.28463 
(6) 1. 713595993 - 0.28463 
(7) ,, 1.999195325 - 0.83083 
(8) 2.284794657 - 1.30972 
(9) 2.570393989 - 1.68251 
(10) 2.855993322 - 1.91898 
NOTE : All roots got from the regular eigenvalue equation (4b) 
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TABLE V 
Roots of 1-D case, with 1 dissimilar waveguide, p = 0.5 
ROOT EIGENVALUE 
(A) (2cos [A] ,2cosh[ A]) 
(1) 0.19545771 2.03833 
(2) 0.56476124 1.68943 
(3) 0.80565270 1.38528 
(4) 1.12823637 0.85651 
(5) 1.40165149 0.33668 
(6) · 1.68856546 - 0.23499 
(7) 1.98458387 - 0.80416 
(8) 2.23952262 - 1.23997 
(9) 2.56374370 - 1.67528 
(10) 2.75410893 - 1.85173 
NOTE : Root No. (1) got from hyperbolic eigenvalue equation (16). Other roots 
got from equation (11 ) .. 
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TABLE VI 
Roots of 1-D case, with 1 dissimilar waveguide, p = 1 .0 
ROOT EIGENVALUE 
(A) (2cos [A] ,2cosh[ A]) 
(1) 0.475916982 2.23085 
(2) 0.558900742 1.69568 
(3) 0.759709185 1.45007 
(4) 1.115804284 0.87891 
(5) 1.3 77207316 0.38474 
(6) 1.667341342 - 0.19279 
(7) 1.970976565 - 0.77917 
(8) 2.205370921 - 1.18567 
(9) 2.557511845 - 1.66844 
(10) 2.707092544 - 1.81416 
NOTE : Root No. (1) got from hyperbolic eigenvalue equation (16). Other roots 
got from· equation (11 ). 
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TABLE VII 
Roots of 1-D case, with 1 dissimilar waveguide, p = -1.0 
ROOT EIGENVALUE 
(A) (2cos [A] ,-2cosh[A]) 
(1) 0.434500110 1.81400 
(2) 0.584080809 1.66800 
(3) 0.936221732 1.18600 
(4) 1.170616089 0.77900 
(5) 1.474251311 0.19300 
(6) 1.764385338 - 0.38500 
(7) 2.025788370 - 0.87900 
(8) 2.381883469 - 1.45000 
(9) 2.582691912 - 1.-69600 
(10) 0.475916982 - 2.23100 
NOTE : root No. (10) got from hyperbolic eigenvalue equation (21 ). Other roots 
got from equation ( 11). 
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TABLE VIII 
Roots of 1-D case, with 2 dissimilar waveguides, p = 0.99 
ROOT EIGENVALUE 
(A) 
(1) 0.044457932 
(2) 0.320377000 
(3) 0.631404000 
(4) 0.944400000 
(5) 1.258017900 
(6) 1.571800700 
(7) 1.885680000 
(8) 2.199625600 
(9) 2.513600000 
(10) 2.827590000 
NOTE: All roots got from equation (31). 
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(2cos[A]) 
1.99802 
1.89823 
1.61440 
1.17233 
0.61541 
- 0.00201 
- 0.61942 
- 1.17640 
- 1.61842 
- 1.90221 
TABLE IX 
Roots of 1-D case, with 2 dissimilar waveguides, p = 1.1 
ROOT EIGENVALUE 
(A) (2cos[A],2cosh[A]) 
(1) 0.150133520 2.022582 
(2) 0.238504000 1.94330 
(3) 0.597920000 ·& 1.65301 
(4) 0.923395000 1.20623 
(5). l.243363000 0.64323 
(6) 1.561187950 0.01922 
(7) 1.877987770 - 0.60477 
(8) 2.194233000 - 1.16766 
(9) 2.510160000 - 1.61437 
(10) 2.825861200 - 1.90114 
NOTE: Root 1 got from hyperbolic eigenvalue e.quation (40). Other roots got from 
equation (31 }. 
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APPENDIX 1 
1 - D Coupled-mode theory in matrix form 
Consider a 1-D laser array, having N elements. The laser array must oscilrate at 
a common frequency so that a coherrent addition of fields is possible; hence-
each laser musrcouple to and lock with a particular relati'onship to its adjacent 
neighbour. Because of this coupling, the propagation constant of the modes of 
I 
·the array may differ somewhat from that of an isolated elery{~nt, but not by much. 
The transverse field configuration of the individual element can be expressed in 
symbolic form as follows 
E = E (x,y) exp(i ~ z) 
Here the fact that there is gain in the. stripe is ignored for simplicity. p, as before 
is the propagation constant for an isolated element. We presume that the field 
obeys the uncoupled wave equation with the appropriate boundary conditions. 
With nearest neighbour coupling, the amplitude of the field of the nth element 
obeys 
i ( dEn / dz ) + p En + K [" En+ 1 + En-1 l = 0 
with n running from 1 to N and K indicatin_g how much of the neighbour is 
inj.ected into the nth cavity. We now have to find a nqn-trivial solution for the 
entire array, which ·can be e·xpressed in _matrix. form by 
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C, 
(d / dz) 
or 
E-n 
1( 
0 
0 
i (d / dz) E = M E 
1( 
1( 
0 
1( 0 
1( 
1( 
0 
0 
0 
where E is a column matrix and M is a tridiagonal. square a:rr~y. If we 
assume that the fields can be expressed as 
En· = an exp (i ~ z) 
Substituting in the above matrix form·, we obtain the simple eigenvalue problem 
(J 1( 
1( 
0 1( 
0 
0 
1( 
1( 
0 
0 
(J 
=0 
For a non~trivial solution ( an not equal to zero ), the determinant must vanish, 
and this procedure guarantees N solutions for the propagation constants in the 
array with each solution corresponding to a different amplitude distribution 
among the elements. One can solve the above equations without resorting ·to 
complex matrix theory by recognizing the difference between difference and 
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differential equations. One arrives at the following expressions 
a= 2K cos (A), where A is given by A = [mn I (N+ 1 )] 
The pertinent data for the various combinations of fields of the supermodes are 
an = a0 sin [ nmn I (N+ 1)] 
~n = ~o + 2KCOS [ m1t / (N+1)] 
·~ 
It m easy to show that there are only N values of n = 1 ,2, ... N that yield different 
field configurations, each with a slightly different propagation constant. 
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APPENDIX 2 
Coupled-mode Analysis of a 1-D laser array, having 1 defect, with a 
change in the coupling constant K because of it 
Figure 30 shows a 1-D N-element laser array, having a dissimil~r element 'm'. 
00000 0000 
1 2 3 4 5 6 
m 
7 8 
Figure 30 : One-dimensional array with 1 dis?imilar element and 
· dissi·mi lar propagation constants because of it. 
,.:.. 
9 
Due to the dissimilarity, the coupling constant K around element 'm' is 
perturbed. Let the new value of the coupling. constant be K 1. 
Th.$ differential equation, as given ·in (5) is 
where the variables have their usual meaning. 
Assume solutions of an as· follows: 
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10 
an· = exp ( i cr z ) sin (A n ) 
lh 
/ \\ 
an = exp ( i cr z ) ao 
an = exp ( i cr z ) a1 
an= exp ( i cr z) a2 
for 1 < n < (m-1) (85a) 
for n = (rn-1) (85b) 
for n = rn. (85c) 
for n = (rn+1) (85d) 
an = exp ( i cr z) { A sin ( l n) + 8 cos (An)} for (m+ 1) < n < N (85e) 
Here, A, 8, 8a, a1 , a2 are all constants which are to be evaluated. 
To findq: 
Substitute the appropriate value of an from (85) above, into the differential 
equation (84)., to get an expression for cr as 
Cf = 2K COS ( A ) (86) 
To find ~ through a2 : 
Substitute the appropriate value of an from (85), into the differential equati'on, 
for n = (m-2), n = (m-1) and n = ·m, to get 
where p = (~~ / K) 
To ti nd A and B : 
a0 = sin { ( m-1 ) "A } 
a1 = (K / K1) sin ( "A m ) 
(87) 
(88) 
a2 = (KIK1)2 sin ("Am) {2 cos ("A)- Pl - sin {(m-1)"A} (89) 
(90.) 
Going through the same exercise again, for n = (m+1) and n = (m+2), we get 
simultaneous equations in A and 8, which, on solving, give 
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a sin (A) - [cot {(m+2)A}] [a ~in {(m+3)A} + (sin {(m+2)A}) (a2 - 2a cos{~})] 
sin {(m+2)A} 
sin (A) 
B = [ a sin {(m+3)),.} + (sin {(m+2)Ac}) (a2- 2a cos{),.})] 
sin (A) 
where a2 is as given above and 
(91) 
!92) 
a= (K / K1 )2 [2 cos (A) - p] [sin {(m+ 1 )A}+ sin {(m-1 )A}] - sin {(m-2)A} - 2 sin (A m) 
(93) 
Consider the boundary conditions 
an=O = O and an=N+·1 =· O (to account for the finitene_ss of 
the array, we assume the power at the ends of the array to be zero). 
The second condition gives the eigenvalue equation as-
tan { (N+ 1) A} + ( B /A) = 0 
Putting in the values of A and B, the eigenvalue equation becomes 
tan { (N+ 1)A} + [sin{(m+2)A}J[sin{(m+3)A}]+[sin{(m+2)A}]2 l(g2 /. a)- 2 cos(A)] =0 
sin(A) - [cos{(m+2)A}] [sin{(m+3)A}+{sin{(m+2)A}} {(a2 / a)-2 cos(A)}] 
(94) 
For higher values of p, however, all the solutions may not be found using (94). 
In that case, we obtain a second eigenvalue equation, assuming hyperbolic 
expressions for an as follows: 
an= exp (i crz}sinh (An) 
an = exp ( i cr z ) a0 
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for 1 < n < (m-1) (95a) 
for n = (m-1) (95b) 
an = exp ( i cr z ) a1 
an = exp ( i a z ) a2 
for n = m 
for n = (m+ 1) 
(95c) 
(95d) 
an = exp ( i cr z) { A sinh (An) + B cosh (An ) } for (m+ 1) < n < N (95e) 
Again, A, B, a0, a1, a2 are all c;:onstants which are to be evaluated. 
Going through the same exercise as above, we get 
cr = 2K cash ( A ) 
a0 = sin h { ( m-1 ) A } 
a1 = (K / K 1) sinh (Am) 
(96) 
(97) 
(98) 
where p = (~~ I K) 
a2 = (K / K1)2 sinh(A m) {2 cosh(A) - p} - sinh{(m-1 )A} (99) 
(100) 
The eigenvalue equation becomes 
tanh{ (N+ 1 )A}+[siob{(m+2)A}][sinh{(m+3)A}]+[sinh{(m+2)A}l2Ua2!a) -2cosh(A)]= o 
sin h (A)-[ cos h { ( m +2) A}] [sin h { ( m +3) "A}+ {sin h { ( m + 2) "A}} { ( a2/a )-2cos h (A)}] 
(101) 
where a2 is as given above and 
a= (K!K1)2[2 cosh(A) - p] [sinh{(m+ 1 )"A}+sinh{(m-1 )A}] - s·inh{(m-2)A} - 2 sinh(Am) 
(102) 
For negative values of p, however, equation (101) cannot be used. Thus a third 
eigenvalue equati'on is obtained, assuming the folloeing expressions for an : 
an = (-1 )nexp ( i a z) sinh ( A n) 
an =(-1)n exp { i cr z) a0 
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for 1 < n <(m-1) (103a} 
forn=(m-1) (103b) 
an -:-(-1 )" exp ( i cr z) a1 
an= (-1 )"exp ( i cr z) a2 
for n = m 
for n= (m+1) 
(103c) 
(103d) 
an = -(-1 )"exp ( i cr z) {A sinh (A n)+B cos·h (An)} for (m+ 1) < n < N (103e) 
Again, A, B, a0, a1, a2 are all constants which, in this case are as follows: 
a= - 2K cash ( A ) 
a0 = (-1 )m-1 sinh { (m-1) A} 
a1 = (-1)m (K/K1)sinh (Am) 
(104) 
(105) 
(106) 
a2 = (-1 )m+1 (K / K1)2sinh(A m) {2 cosh(A)+p} - sinh{(m-1 )A} (107) 
where p = (~~ / K) (108) 
The eigenvalue equation, theri, becomes 
tanh{(N+ 1 )A}+[sinh{(m+2)A}l [sinh{(m+3)A}] - [sinh{(m+2)A}]2ll:llfl1.(a2/a) +2cosh(A)]= O 
sinh(A) -[cosh{ (m+2)A}] [sinh{ (m+3)A}-{ sinh{ (m+2)A} }f(-1 )m( a2/a)+2cosh(A)}] 
(109) 
where a2 is as given above and 
a= {K!K1)2[2 cosh(A) +p] [sinh{(m+1 )A}+sinh{ (m-1 )A}] - sinh{(m""2)A} - 2 sinh(Am) (110) 
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APPENDIX 3 
Coupled - mode analysis of a 1-D laser array, having 2 dissimilar 
elements with unequal propagation constants (~~1 not equal to ~~2) 
The coupled-mode differential equation, as given in (22) before, is 
i (dan / dz) + ~p1 an Bni + ~P2 an Bnj + K { an+ 1 + an_ 1 } = O (111) 
where: Bni and Bnj are equal to 1 for n=i and n=j respectively, and zero 
otherwise. 
Again, let En = an exp ( i P z ), where an is given by 
an = exp ( i a z) sin ( A n) for 1 < n < i 
an = e_xp ( i a z ) a0 for n ::; i 
an = exp (i a z) { A sin (An ) + B cos ( 'A. n ) } for ·i·< n < j 
an = exp ( i a z ) b0 for n = j 
an = exp (i a z ) { C sin ( A n ) + D cos (: A n ) } for j <. n < N 
( 112a) 
(112b)· 
(112c) 
(112d) 
( 112e) 
Here, A, B, C, D, a0 and bo are all constants whose value is to be obtained. 
As before, assuming that power reduces to zero at the ends of the waveguide, 
we get two boundary conditions: an=O = O and an=N+ 1 = O. The second 
boundary condition, using the appropriate value of an from (23e) above, gives 
the eigenvalue equation : tan { (N+ 1) A } + ( ·o / C) = O 
Now, assume that ~p 1 and ~p2 are not equal. The values of a, a0 and b0 
remain the same as given by equations (24), (25) and (26), i.e., 
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a = 2K cos. ( A } 
a0 = sin (Ai) 
bo = A sin ( A j ) + B cos ( A j ) 
( 113.) 
(114) 
(115) 
Substituting the appropriate value of an from (112) above, for n = i and n = (i+ 1') 
we get simultaneous equations for A and B, which, on solving, give 
where -
A = 1 - 0.5p1 sin ( 2 A i ) , 
sin (A) 
B =-'21 sin
2 (Ai ) (116) 
sin (A) 
(117) 
Similarly, going through the same steps as above, for n = j and n = (j+ 1 ), we get 
C = 1 - 0.5sin(A){ p1 sin(2Ai) + P2sin(2Aj)} - p1 p·2sin(Ai)cos(Aj)sin {(j-i)} 
sin2 (A) (118) 
D = sin (A) { p1 sin2 (Ai) + p2 sin2 (Aj) l - p1 p2 sin (Ai) Sin (Aj) sin {(j-i)A} 
sin2 ( A ) (119) 
where- (120) 
Thus the eigenvalue equation becom.es 
tan {(N+ 1 )A}+ sin(A){ p1 sin2 (Ai)+p2sin2 (Aj)} - p1 p2sin(Ai)sin(~j)sin{(j-i)A} ...:. 0 
sin2 (A)-0.Ssin(A ){p1 sin (2Ai)+p2si n (2Aj)}+p1 P2sin (Ai)cos(Aj)si n{ (j-i)A} 
(120) 
The a~ove equation yields solutions for relatively small values of p (as 
·explained in the t-D case).Thus, for high~r values of p, we need an alternate 
eigenvalue .equation, which is got by ass·uming hyperbolic solutions of an as 
an = exp ( i a z ) sinh ( A n:) for 1 < n < i (121 a) 
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an = exp ( i cr z ) a0 for n = i 
an = exp (i cr z ) { A sinh ( A n ) + B cash ( A n ) } for i < n < j 
an = exp ( i cr z) b0 for n = J 
an = exp (i cr z ) { C sinh ( A n) + D cash ( A n ) } forj < n < N 
Going through the same exercise once again, we get 
cr = 2K cash ( A ) 
a0 = sin.h ( A i ) 
b0 = A sinh ( A j) + B cash ( A j )-
(121 b) 
(121c) 
(121 d} 
(121 e) 
(122) 
(123) 
(124) 
A= 1 - 0.5p1 sinh ( 2 l i ) , 
sinh ( A) 
B =Jl1 sinh
2 (Ai ) (125) 
sinh ( A) 
where - (126) 
C = 1 - 0.5sinh(A){p1 sinh(2Ai)+p2sinh(2Aj)} - p1Q2sinh(Ai)cosh(Aj)sinh{(j-i)A} 
sinh2 (A) (127) 
D = sinh (l) {p1 sinh2 (li)+p2sinh2. (Aj)} - p1122 sinh (Ai) sinh (lj) sinh {(j-i)A} 
sinh2 (A) (12~) 
.where - (129) 
Thus the eigenvalue equation becomes 
tanh{(N+ 1 )A}+ sinh(A){p1 sinh2 (Ai)+p2sinh2 (Aj)} - p1Q2sinh(Ai)sinh(Aj)sinh{(j-i)A}_ 0 
sinh2(A)-sinh(&){p1 sinh(21i..i)+p2sinh(21i..j)}+p1 p2sinh(1i..i)cosh(1i..j)sinh{U-i)A} 
2 (130) 
For negative values of p, however, the missing soluti9ns cannot be found from 
(129) above. One then assumes modified hyperbolic solut"ions of an as: 
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a_n = (-1).nexp ( i crz) sinh (An) 
an= (-1 )nexp (.i cr z) aa 
for 1 < n < i ( 130a) 
for.n = i (130b) 
an = (-1 )nexp (i a·z) {A sinh {An )+B cash (An)} for i < n < j (130c) 
.for n = j (130d) 
an ;::(-1)nexp (i crz) {C sinh (An )+Dcosh (An)} forj < n < N (130e) 
Going through the same exercise as before, we get 
a= -2K cash ( A ) (130) 
a0 = (-1 ) n sin h ( A i ) ( 1 31·) 
bo-·(-1)n{Asinh (Aj) + Bcosh (Aj)} .(132) 
A= 1 + 0.5p1 sinh ( 2 "' i ) , B = - ..Q1 sinh2 (Ai ) (133) 
sinh (A) sinh ("A) 
where - (134) 
C = 1 + 0.5sinh(A){p1 sinh(2Ai)+p2sinh(2Aj)} + p1p_2sinh(Ai)cosh(A.j)sinh{(J-i)A} 
sinh2 (A) (135) 
D = - p sinh (A) {sinh2 (Ai)+sinh2 (Aj)} - p1 Q2 si~h (Ai) sinh (Aj) sinh {(j-i)A} 
sinh2 (A) (136) 
Thus the eigenvalue equation becomes 
tanh{(N+ 1 )A} - sinh(A){ p1 sinh2 (Ai)+p2sinh2(Aj) } - p1 p_2s·inh(Ai)sinh(Aj) sinh{(j-i)A} = o 
sinh2(A)+sinh(A){p1 sinh(2Ai)+p2sinh(2Aj)}+p1 p2sinh(Ai)cosh(Aj)sinh{(j-i)A} 
2 (.137) 
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